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O cneKTpe onepaTopa 5Iko6h c 3KcnoHeHii,HajibHO 

paCTyiD,HMH MaTpHHHMMH SJieMeHTaMH 
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Ahhotauhh. B CTaTbe paccMaTpHBaeTCH Kjiacc MaTpnn, 5Iko6h c 6mctpo pacTyiniiMH MaTpHi- 
hmmh sjieMeHTaMH. B npocTpaHCTBe KBa^paTH^HO cyMMiipyeMbix c HeKOTopbiM BecoM nocjie^,o- 
BaTejibHOCTeii stoPl MaTpnu,e OTBe^aeT CHMMeTpiiHecKHH onepaTop. ,ZIoKa3biBaeTCH, hto aa^a^a 
Ha co6cTBeHHbie 3HaHeHHH HeKOToporo caMOConpa»ceHHoro pacninpeHHa SToro onepaTopa sk- 
BHBajiGHTHa sa^a^e Ha co6cTBeHHbie SHa^eHna onepaTopa niTypMa-ilHyBHjuia c ^hckpcthmm 
caMono,iio6HbiM caMono,a;o6HbiM BecoM. HaxoflaTca acHMnTOTH^ecKHe cpopMyjibi fljia co6cTBeH- 
HblX SHa^eHHii. 



1. BBe^eHne 

Hccjie^yeTca 3a^,ana Ha coScTBeHHbie 3HaneHHfl Tpex^naroHajibHOH aKoSneBOH MaTpninj 
BH^a 
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r^,e q > 1. 

B paSoTe [lj 6bijih H3yneHbi cneKTpajibHbie CBoiicTBa Kjiacca ^Byx^HaroHajibHbix chmmct- 
Phhhmx MaTpiin, (Ha rjiaBHoii ^naroHajiH ctost Hyjin) , b kotopbix BHe^HaroHajibHbie sjieivieHTbi 
b n HMeiOT bh/i, q n \ < q < 1, s — npoH3BOJibHoe HaTypajibHoe hhcjio. TaM >Ke Smjio ^0Ka3aH0, 

HTO &2n+l < A n < £>2n-l- IlpH 3T0M HCnOJIb30BajiaCb ^OCTaTOHHO T3>KejiaS TGXHHKa, OCHOBaHHafl 

Ha CBoiicTBax uejibix TpaHcn;eHfleHTHbix (pyHKHiift. 

B paSoTe [2] 6mji H3yHeH 6ojiee hihpokhh KJiacc ^ByxflHaroHajibHbix CHMMeTpn^Hbix MaTpnn; 
5Iko6h, b KOTopbix BHeflnaroHajibHbie sjieivieHTbi b n nojio>KHTejibHbi, h fljia hhx BbinojiHeHO 
ycjiOBne 

b n +l 



lim 

n— too 



0. 



B 3tom cjiynae nojiyneHbi He Taxne TOHHbie ohchkh Ha co6cTBeHHbie 3HaneHHfl, KaK b paSoTe 
[T]. AcHMnTOTHHecKHe (popMyjibi HMeiOT BHfl A n = &2n-i(l + n ~~ > °°- MeTOfl nojiyHeHHH 

acHMnTOTHnecKHx cpopiviyji onnpajicfl Ha nccjie^OBaHHe KBa^paTHHHOH (popMbi cooTBeTCTByio- 
m;ero onepaTopa. 

3aivieTHM, hto b Hanieivi cjiynae, q > 1 h onepaTop c TaKoii MaTpnHeii HeorpaHnneH. Heo6xo- 
/i;hmo flonojiHHTejibHO onncbiBaTb ero o6jiacTb onpe^ejieHHa. TaKJKe Ba»ceH Bonpoc 06 HH^eKcax 



Pa6oTa BbinojiHeHa npn no/mepjKKe rpaHTOB P<I><I>H JV a 07-01-00283, no^epjKKH Be^yiinix Hay^Hbix hikoji 
NsHHI-2372. 2008.1 h poccniicKO-yKpaHHCKoro rpaHTa P<J><J>H JVa 09-01-90408 
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2 

flecpeKTa TaKoro onepaTopa. B cjiyaae HH^eKca ^ecpeKTa (1,1) BCTaeT Bonpoc o caMOConpajKeH- 
Hbix pacniHpeHHHx Taxoro onepaTopa. 

B flajibHeiinieM mm Bcer^a SyijeM cariTaTb, aTO a(5 > 0. 3to ycjiOBHe apcTaToaHO aacTO 
BbinojiHaeTCH ajia MaTpiin,, B03HHKaiomHx b pa3JiaaHbix npajioateHaax. JJflsi MaTpiin, KOHeaHoro 
nopaaKa sto ycjiOBHe npaBoaiiT k iiohjithio HopjuaAhHOU Mampui^u (cm., Hanpmviep, [3j). 

J\jih aaHHoii paSoTbi MeToa,, Ha ocHOBe KOToporo BMBoaaTca acHMnTOTHaecKne cpopMyjibi 
ajia co6cTBeHHbix 3HaaeHHii MaTpnina (11.11) . 3aKJiioaaeTca b tom, hto 3aaaaa Ha coScTBeHHbie 
3HaaeHHa ajia onepaTopa (I1.1B OKa3biBaeTca SKBHBajieHTHOH 3aaaae Ha coScTBeHHbie 3HaaeHna 
3aaaaH LQTypMa-JlHyBHJiJia c caMonoapSHMM ancKpeTHMM BecoM. B cb33h c sthm, b §2 mm 
npHBeaeM HeKOTopbie CBeaeHaa o caMonoap6Hbix (pyHKiniax, nopoataaioiinix aacKpeTHbie Beca 
(Tax Ha3biBaeMbie caMonodo6nue (pyHKn,uu nyjieeoso cneKinpaAbHoso nopttdna, noapoSHee cm. 
[6j, |8j). B §3 3aa,aaa LQTypMa-JlHyBHjuia c aacKpeTHMM caMonoapSHMM bccom CBoaiiTca k 

MaTpH^HOMy BH^y. 



2. CaMono^;o6Hbie cpymcijHH HyjieBoro cneKTpajibHoro nopa^ica 

IlycTb aacjia a & (0, 1) h d yapBjieTBopaiOT ycjiOBHio 

(2.1) a\d\ 2 < 1. 
OnpeaeanM b L 2 [0, 1] onepaTop G, aeficTByiomHH no npaBHJiy 

(2.2) G(f)(x) = fa ■ X[ o,i-a)(x) + (d ■ f ( X ~l + a ) + ft) • X(i-a,i](x), 

rae f3i, fa — npoH3BOJibHbie aeHCTBHTeabHbie ancjia. 

YcjiOBHe (12.11) BJieaeT, hto onepaTop G aBJiaeTca cacHMaiomiiM b L 2 [0, 1] (cm. jieMMy 3.1, [4j) 
h, cjieflOBaTejibHO, HMeeT eaiiHCTBeHHyio HenoaBHacHyio ToaKy. <DyHKHiia, yapBJieTBopaiomaa 
ypaBHeHHio G(P) = P, rae OToSpaaceHne G 3aaaeTca cooTHonieHneM (12.2ft . aBJiaeTca caMono- 
Ao6hoh (pyHKinieft HyjieBoro cneKTpajibHoro nopaaxa. Ha6op aaceji a, d, Pi a p 2 Ha3biBaeTca 
napaMeTpaMH caMonoap6aa, 3aaaK)HraMH cpyHKiraio P. 

H3 onpeaeaeHaa caeayeT, aTO cpyHKiraa P aBJiaeTca KycoaHO nocToaHHoii, npaae-M npaHa- 
MaeT 3HaaeHHa 

(2.3) P(x) = Pi, npa x £ [0, 1 — a), 

(2.4) P(x) = d k p 1 +p 2 {l + d+... + d k - 1 ), npaxG {l-a k ,l-a k+1 ), k =1,2,.... 

Bojiee noapoSHO o caMonoapSHbix (pyHKiniax b npocTpaHCTBax L p [0, 1] cm. [5]. 06maa koh- 
CTpyKiraa a CBoiicTBa caMoaoapSHbix cpyHKiraa HyjieBoro cneKTpajibHoro aopaaxa a3yaeabi 
b [6j, cm. TaK>Ke |8j. 

3. 3a,ziaHa UlTypMa-JlHyBHjijiH b CHHryjiapHMM caMono,a;o6HbiM BecoM 

PaccMOTpaM cjieayionryio rpaaaaayio 3aaaay 

(3.1) -y"-\py = 0, 

(3.2) y(0) = y(l) = 0, 

rae p = P' (c CMbicjie o6o6ai;eHHMx (pyHKHiiii) , T.e. 

00 

(3.3) p:=^m^(x-(l-a fe )), 

k=i 
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r^,e m k = d k 1 (df3i + (3 2 — Pi). H3 ycjiOBna P E L 2 [0, 1] cne^yeT, hto p € W 2 1 [0, 1]. 

o 

B flajibHefiineM nepe3 fj mm 6yu;eM o6o3HaaaTb npocTpaHCTBO Vt^O, 1], CHaSxceHHoe CKa- 
jiapHMM npon3Be^eHneM 

1 

(y, z) = J y'z'dx 


Hepe3 9)' mm SyijeM o6o3HanaTb npocTpaHCTBO, ^bohctbghhog k Sj OTHOCHTejibHO L 2 [0, 1], T.e. 
nojiynaeMoe nonojiHeHHeM npocTpaHCTBa L 2 [0, 1] no HopMe 

\\y\\& = su p 

KaK h b pa6oTe [8j paccMOTpnM onepaTop BJicxaceHiia J : — > L2 [0, 1] . HenocpeflCTBeH- 
ho H3 onpeflejieHHa npocTpaHCTBa fj' BbiTeKaeT bo3mojkhoctb HenpepbiBHoro npoflOJixceHHa 
conpa>KeHHoro onepaTopa J* : L 2 [0, 1] — > flo H30MeTpiiii J + :.£)'—> 53. 

KaK 11 b npe^niecTByioinHx pa6oTax [4j, [7] 11 [8] b KaaecTBe onepaTopHon MO^ejin 3a- 
^ann (13.1l) -( l3T2l ) mm 6ya,eM paccMaTpnBaTb jinHeimbiH nynoK T p : 9) — > Sj' orpaHnneHHbix 
onepaTopoB, y^OBjieTBoparoinnH TO>K^ecTBy 

1 

(3.4) VA,Vye£ (J + T p (\)y,y) = J (\yf + XP ■ (\y\ 2 )') dx. 



H3BecTHO (Teopeivia 4.1, [4]), hto cneKTp 3a^aan hhcto ^HCKpeTeH npn jiioSom Bece H3 

o 

npocTpaHCTBa W^fO, 1]. 

PaccMOTpnM 3a^any (I3.ip -( 13T2|) npn ycjiOBnn, hto Bee aBjiaeTca o6o6m,eHHon npoH3BOflHon 
caMono^o6Hon (pyHKnnn P HyjieBoro cneKTpajibHoro nopa^Ka, T.e. Kor^a Bee onpe^ejiaeTca 
cooTHOineHneM (13.31) . 




3.1. Co6cTBeHHbie cpyHKijHH 3a,a;aHH IIlTypivia— JlnyBHjuia c BecoM, aBjiaiomHM- 
ca o6o6m;eHHOH npoH3BOflHOH cpyHKipm HyjieBoro cneKTpajibHoro nopa^Ka. T.k. 

(pyHKnna P KycoaHO-nocToaHHaa, coScTBeHHbie (pyHKniin stoh 3a^aan mojkho HCKaTb b BH^e 

o 

KycoHHO-JiHHenHOH (pyHKn,nn y G [0, 1], 3aflaHHon Ha KaacflOM npoMe>KyTKe (1 — a k , 1 — a k+1 ) 
k — 0, 1, 2, . . . (popMyjiaMH 

(3.5) y(x) = Six, xE[Q,l — a), 

(3.6) y{x) = s k x + t k , x e (1 - a k -\ 1 - a k ), A; = 2,3,.... 

YcjiOBna HenpepbiBHOCTH (pyHKnnn y b TOHKax x k := 1 — a k , k = 1,2, . . . o3HaaaiOT mto 
BbinojiHeHbi ypaBHeHna 



(3.7) s fc _ 1 (l-a*- 1 )+t fc _ 1 = s fc (l-a fc - 1 )+t fc , k = 2,3, 



4 



rio^CTaHOBKa (popiviyji (|3.5l) - (13.6p b ypaBHeime (13.11) c yneTOM ypaBHeHHii (13.TI) npHBO^HT 
k cjie^yiomeH ciiCTeMe ypaBHeHHii Ha nncjia 

si - s 2 = A(d/3i + fa - - a)sx, 
S2 - s 3 = A (d 2 (3i + d(P 2 - Pi)) (1 - a)(si + as 2 ), 
s 3 - s 3 = A (d 3 p 1 + d 2 (p 2 - fa)) (1 - a)(s 1 + as 2 + a 2 s 3 ), 

• • • 1 

s n - s n+ i = A (d n p 1 + d n -\p 2 - Pi)) (1 - a)(si + as 2 + . . . + a n_1 s n ), 

BBe^eM cjie^yioinHe o6o3HaHeHHH: 

r = (l-a)(dp 1 + p 2 -Pi), 
H3 ycjiOBHH ( 12.1ft cjie^yeT, hto 

|g| > 1. 

B ^ajiBHeHHieM 6ya,eM CHHTaTb, hto napaMeTpbi caMoncmoGna TaKOBbi, hto r 7^ 0, a > 0. 
Cjie^OBaTejibHO, q > 1. 

KpaeBoe ycjiOBne npn x = BbinojiHeHO b cnjiy (popMyjibi (13.5p . HeoSxo^HMO ynecTb Kpae- 
Boe ycjiOBne npn x — 1. H3 (popMyjibi (13.61) cjie^yeT, hto 

y(l) = lim (s n + t n ). 

ri —>oo 

H3 ( 13. 7R Hecjio>KHO nojiyHHTb, hto 

n-l 

fc=l 

OKOHnaTejibHO nojiynaeivi, hto 

00 

1/(1) = (1- a) 5^-^ = 0, 
fc=i 

T.e. nocjieflOBaTejibHOCTb {s^}^ ynoBJieTBopaeT ycjiOBHio 

00 

(3.8) ^a^s^O. 

fc=i 

00 00 
3aMeTHM, hto Hi/Ill, = 5^(1 — a fc — (1 — a fc_1 ))s| = (1 — a) J] a fc_1 s|. TaiaiM o6pa30M, 

fc=i fc=i 
3a^aHa (13.1l) - (13.2p c flHCKpeTHbiM caMono,n;o6HbiM BecoM SKBHBajieHTHa cjie^yiomeH sa^aae b 

npocTpaHCTBe nocjieflOBaTejibHOCTefi {sk}^ = i, cyMMnpyeivibix b KBa^paTe c BecoM u = {u>k}kLi, 

r^e Uk = a fc_1 , h yflOBJieTBopaioiniix ycjiOBHio (13.81) : 
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(3.9) 
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BBe^eM b paccMOTpeHPie cjie^yioiu,He onepaTopbi, 3a^aHHbie MaTpiin,aMH: 
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TaKHM o6pa30M 3a^,ana (13.41) SKBiiBajiGHTHa sa^a^e 

As = XrBs, 

paccMaTpHBaeMoii b npocTpaHCTBe nocjie^OBaTejibHOCTeii l2, a , ya,OBjieTBopflioiu,nx ycjiOBHio 

{335- 

Hecjio>KHO npoBepHTb, ^ito o6paTHbin k onepaTopy B hmggt bh^, 
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Bo3HHKaeT ecTGCTBGHHbiH Bonpoc, aBjiaeTCfl jih cneKTpajibHaa aa^a^a (13 . 9h SKBHBajieHTHa cm- 
hoh H3 cjie^yiomHx aa^a^ 

B^As = Xrs hjih AB _1 u = Xru (3,a,ecb u := Bs) 

b KaKOM-Hii6yn;b npocTpaHCTBe nocjieflOBaTejibHOCTeft? 

PaccMOTpHM Bein,ecTBeHHoe hhcjio w^fl. OGosHa^iiM npocTpaHCTBO nocjie^OBaTejibHOCTeii 
{vk}kLi, yflOBjieTBopaiomHx ycjiOBHio 



v\ < 00, 



fc=l 



nepe3 l2, w - CKajiapHoe npoH3Be^eHHe b btom npocTpaHCTBe 6yu;eM o6o3HaHaTb nepe3 (•,•), 
yTBepac^eHHe 3.1. Onepamop AB^ 1 cuMMempuneH e /2,1/d. 



,Z^OKA3ATEJl£>CTBO. HenocpeflCTBeHHbiM BbiHHCJieHHeM HecjioacHO ySe^niTca, hto 
(AB~ u, v)i/ d = (u, AB~ 1 v) 1/d = (1 + dq) ^ (^-J u k v k - q ^ (u k+1 v k + u k v k+1 ). 

k=l k=l 

□ 

yTBep^c^eHne 3.2. 06Aacmb onpedeAenuM conpHOtceuHozo onepamopa k AB^ 1 cocmoum U3 
ecex nocAedoeameAbHocmeu u G /2,1/d, manux nmo 

00 

(3.10) ^ (-dq k - l u k -i + (1 + dq)q k ~ 1 u k + gV+i) 2 < 00. 

fc=2 

/^OKA3ATEJlbCTBO. 3aivieTHM, hto Ma/rpima AB~ X HMeeT bh^ 

jl + dq -q ...\ 

v ' -df? (1 + dq)q z —q 6 . . 

J\jih 3aBepineHHH ^OKa3aTejibCTBa yTBep>K,a,eHHa ocTajiocb npiiMGHHTb [9] (n. 1.1, CTp. 174). □ 

Mojkho onpe^,ejiHTb HH^eKCbi ^e(peKTa onepaTopa AB~ Y . 3a,o,aHa (13.ip -( lcT2~I ) caMoconpa- 
>KeHa. YcjiOBHe (13.51) yaHTbmaeT TOJibKO o^ho KpaeBoe ycjiOBHe (b Hyjie). OcTaeTca eme o,h,ho 
ycjiOBne Ha coScTBGHHbie (pyHKinin b eflHHHD,e. Cjie^OBaTejibHO, HH^eKCbi ^ecpeKTa onepaTopa 
AB~ X paBHbi (1,1). HecjiojKHO npoBepHTb, hto ycjiOBHe (13.81) Ha nocjie^OBaTejibHOCTb s G l 2 ,a 
nepexoflHT b ycjiOBHe 



(3.12) lim = 



Ha nocjie^OBaTejibHOCTb u := Bs b npocTpaHCTBe l2,i/ d - 
TeopeMa 3.1. 3adaua (13.40 . SKeueaAenma 3adaue 

AB~ x u = Xru 

e npocmpaHcmee l 2 ,i/ d c ycAoeueM f| 3 . 1 1) . (13 .12ft na nocAedoeameAtHocmb u = (u 1 ,u 2 , . . .), sde 
u = Bs, s G l 2 , a - 

^OKASATEJlbCTBO. IlpeflCTaBJieHHe (13.31) Beca p, a TaKJKe ycjiOBHe (13.50 npHBO^HT k TOMy, 
mto KBa^paTHHHaa cpopivia 3aflann (13.41) b npocTpaHCTBe l 2 ^ a npHHHMaeT bh^ 

00 00 / k ~ 

(3.13) ^a k - l s k = A(l - a)P^d k - 1 J^crtj 

k=l k=l \j=l 

CBefleM 3a^aay AB^u = Xru k ee KBa^paTHHHOH cpopivie (AB~ 1 u, u)i/ d = Xr(u, u)i/ d , KOTopyio 
mojkho TaKJKe nepenncaTb b BH^e 

(As, Bs) 1/d = Xr(Bs, Bs) 1/d . 

Hcnojib3ya bh^, onepaTopoB A h B y6ea<:,i],aeMca, hto 3Ta KBa^paTHHHaa cpopivia TaK>Ke hmcgt 
BHfl (13131 . □ 
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3aMenaHHe 3.1. Tclkum o6pa30M, o3hum us caMoconpnotceHHUx pacuiupenuu cuMMempuue- 
ckozo onepamopa AB^ 1 e npocmpancmee h,i/d neAnemcn onepamop, 3adannuu mou cnce Mam- 
puu,eu, a eso o6./iacmu onpedejienun npunadjieotcam me nocjiedoeamejibHocmu u G h,i/d, ko- 
mopue ydoeAemeopMtom ycAoeuMM (13.101) u ( 13 . 1 2h . 3adaua na co6cmeeHHue 3naHenuH smozo 
caMOConpHMceHHOzo pacmupenun 9KeueaAenmno 3adane ( 13.11) - (13.21) (uau 3adane (13.41) ). 

B cjie^yioiii;eH Teopeivie mm noflpa3yivieBaeM HMeimo sto caMOConpajKeimoe pacniiipeHiie h 
o6o3HaHaeM ero nepe3 L. 3aivieTHM TaioKe, hto aKo6iieBa MaTpiin;a AB~ l npHHa^jiejKHT KJiaccy 

MaTpiin, BH^a (11.11 ) (a = 1 + dq = 1 H — , P = —q, 7 = — dq = — ) (cm. (13.111) ). 

TeopeMa 3.2. Cym,ecmeyem manoe noAootcumeAbnoe hucao , umo 3ah co6cmeeHHUX 3naue- 
huu onepamopa L, 3amjMepoeaHHUx e nopndKe 603pacmaHUH, cnpaeedAuea acuMnmomuuecKan 
g)opMyAa npu k — > oo 



(3.14) X k = cq k (l + o(l)). 

,Z^OKA3ATEJl£>CTBO. YTBepjKfleHHe TeopeMbi cjie^yeT H3 TeopeMbi 13.11 h paSoTbi ([8], Teo- 
peMa 4.1). □ 

3.2. HimecJjHHHTHMH cjiyHaii. Mojkho paccMaTpriBaTb sa^a^y ( 13.1l) -( l3T2l ) h b cjiy^ae, 
ecjiH ^ihcjio d < 0. B 3tom cjiynae onepaTop L c o6jiacTbio onpe^ejieHna (13.101) . ( 13 .121) 6ya,eT 

CaMOCOnpflJKeHHbIM B npOCTpaHCTBe C HH^eC^HHHTHOii MeTpiiKoii. 

A HMeHHO, onpe^ejiHM onepaTopbi opToroHajibHoro npoeKTPipoBaHiia b npocTpaHCTBe h.i/d- 
P + : e k -> e k , k = 1, 3, . . . , 2n - 1, . . ., P + : e k -> 0, k = 2, 4, . . . , 2n, . . .; P_ : e fc -> 0, 
A; = 1, 3, . . . , 2n — 1, . . ., P_ : — > e^, k — 2,4, ... , 2n, . . .n G N. Onpe^ejiHM TaKJKe onepaTop 
J = P + — P_. HecjiojKHO npoBepHTb, hto onepaTop L 6yn;eT caMOConpa>KeHHbiM b J-MeTpHKe. 
KpoMe Toro, H3 TeopeMbi 4.3 ( [8j) cjie^yeT cjie,nyioni;ee yTBepjK^eHHe 

TeopeMa 3.3. IJycmt) d < u r ^ 0. Tosda cyut,ecmeyem manoe hucao c > 0, umo 3ah 
noAOMCumeAbuux co6cmeeHHUX 3nauenuu {Xk} k x L 1 onepamopa L, 3anyMepoeaHHUX e nopndne 
eo3pacmauuM, cnpaeedAuea acuMnmomuuecKatt diopMyAa 

X k+1 = cq 2k (l + o(l)), 

a 3am ompuyameAbHux co6cmeeHHUx 3naHenuu {X-k} k L 1 onepamopa L, 3auyMepoeaHHUx e 
nopsidne eo3pacmanuH, cnpaeedAuea acuMnmomuuecKafi diopMyAa 

A_ (fc+2) = -cg 2fc+1 (l + o(l)). 
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